We briefly review the essential points of our recent work in non-Abelian T-duality. In particular, we show how non-abelian T-duals can effectively describe infinitely high spin sectors of a parent theory and how to implement the transformation in the presence of non-vanishing Ramond fields in type-II supergravity.
Abelian T-duality was originally formulated in a path integral approach in which central rôle played the isometry group G = U(1) of the background one chooses to dualize [1] .
When this group is non-Abelian one may follow a similar path to naturally arrive at the notion of non-Abelian T-duality [2] . However, the similarities between the two cases stop here. In particular:
1. Unlike the Abelian case, the non-Abelian T-duality transformation is non-invertible in the standard path integral formulation since the isometries are no longer present in the T-dual background (however, see comments at the end of this note).
2.
For compact commuting isometries one may argue that T-duality is actually a true symmetry of string theory. There is no analogous statement for the non-Abelian cases.
3.
Even for compact groups, the variables of the T-dual background are generically noncompact.
The formulation of T-duality in the presence of Ramond fluxes presents technical diffi-
culties. In the Abelian case the unique dimensional reduction to nine dimensions of the type-II supergravities provided for the transformation rules [3] . This possibility hasn't been explored for non-Abelian T-duality.
In this note we summarize the essential points of recent developments in the subject.
Pure NS backgrounds
This section is based mainly on [4] and on general techniques developed in [5] . Consider a pure NS background described by a metric G µν , an antisymmetric tensor B µν and a dilaton Φ. These can couple in a classical two-dimensional σ-model action for the target space variables X µ . Let's denote this action by S(X) and the corresponding theory by C.
We will also assume that there is an isometry group G leaving the action invariant with the variables X µ transforming accordingly. We gauge a subgroup H ⊂ G by introducing, in a Buscher-like approach, gauge fields A ± ∈ L(H) and a Lagrange multiplier term for their field strength F ± . The corresponding action is be better suited to study before the limit is taken. Also, the non-compactness of the dual variables in v is naturally explained.
The above classical statement can be promoted at the level of the quantum states of the theory. Consider as the simplest example the non-Abelian T-dual of the SU(2) WZW model with respect to SU(2) acting vectorially. In this case C is a current algebra theory and S(X) is the associated WZW model action. The T-dual background has zero antisymmetric tensor. The metric and dilaton read
where ψ is periodic and x 1 , x 3 are non-compact, a background possessing no isometries.
It describes the infinitely large spin sector of the SU (2) 
To illustrate how the high spin limit is taken assume that one of the spins is extremely large, i.e. j 1 , j ≫ 1 and j 2 =finite. In this limit, the eigenvalues become infinite unless the level k 1 becomes large as well and proportional to j. Specifically, let j 1 = j − n and
It turns out that in the k 1 → ∞ limit the background of the coset model becomes that in (2.2). Also, the solutions of the scalar wave equation can be obtain from a delicate limit of the corresponding solutions of the coset model. For example, the states with j 2 = 1/2 are 
Non-trivial RR backgrounds
This section is based on [6, 7] . In type-II supergravity it is necessary to know, in addition to the NS fields, how Ramond fluxes transform under T-duality. The left and right world sheet derivatives transform differently under T-duality and this defines two orthonormal frames related by a Lorentz transformation matrix Λ. The induced action on spinors is given by a matrix Ω obtained by
The RR-fields are combined into a bi-spinor according to which type-II supergravity they belong to as 
where we have denoted by a hat the bi-spinor obtained after the duality. The details of the matrix Ω depend on the case of interest. For comparison, for Abelian T-duality this is simply given by Ω = Γ 11 Γ 1 [8] , where 1 labels the isometry direction and Γ 11 the product of all Gamma matrices. In the Abelian case we flip between type-IIA and type-IIB, but in non-Abelian cases we might change or stay within the same theory.
Many interesting supergravity backgrounds have as an essential part group or coset manifolds. Hence, we concentrate on Principle Chiral-type models which can cover both cases as we will see. Consider an group element g ∈ G and the components of the left invari-
The representation matrices t a obey the Lie algebra with structure constants f ab c . The most general σ-model invariant under the global symmetry g → g 0 g, with g 0 ∈ G, is (we ignore spectator fields)
Consider first the case in which a and b run over the whole group. Then E is a dim(G) square invertible constant matrix. It turns out that the T-dual σ-model with respect to the full G symmetry group is (3.5) and the induced dilaton is Φ = − 1 2 ln det M. The variables of the T-dual model are the Lagrange multipliers v a since it is possible to gauged fix the group element g to unity.
This is possible since the left sided group action acts with no isotropy. The world-sheet derivatives transform as
Denoting by η = κ T κ the symmetric part of E, the frame relating Lorentz transformation
Clearly if the dimensionality of the duality group is even then we stay in the same type-II supergravity theory, otherwise we flip from (massive) type-IIA supergravity to type-IIB and vise versa.
To extend the discussion for coset G/H σ-models, we split the index a = (i, α), where the indices i and α belong to the subgroup H ∈ G and the coset G/H, respectively. In 
The Lorentz transformation that relates them is given by (we write E 0 = κ T 0 κ 0 )
As an example consider within the type-IIB supergravity the AdS 3 × S 3 × T 4 geometry arising in the near horizon of the D1-D5 brane system. This is supported by an F 3 flux
given by the sum of the volume forms of the two group spaces. 
The background corresponds to a smooth space, due to the fact that the isometry acts with no isotropy. In this case the Lorentz transformation is given by (below r 2 = x i x i )
where 1, 2 and 3 refer to the directions along the non-Abelian T-dual of S 3 . Using (3.3) we obtain the fluxes
This is a solution of massive IIA supergravity and has the residual SU(2) R ⊂ SO (4) symmetry.
In order to dualize with respect to the full SO(4) symmetry we follow the procedure outlined above since this group acts with isotropy on the Lagrange multipliers. We compute the two orthonormal frames corresponding to (3.8) and the associated Lorentz transformation using (3.9) (with κ 0 = I). We find that This T-dual background is a solution of type-IIB supergravity. The singularity for x 1 x 3 = 0 is associated with the fact that the group acts with isotropy.
Finally note that, a manifestly T-duality invariant path integral formulation of non-Abelian T-duality is known in the broader context of Poisson-Lie T-duality by doubling the coordinates in a first order σ-model action [9] . It is interesting to embed this in string theory including the RR-sector fields.
